Composite Higgs models can trivially satisfy precision-electroweak and flavour constraints by simply having a large spontaneous symmetry breaking scale, f 10 TeV. This produces a 'split' spectrum, where the strong sector resonances have masses greater than 10 TeV and are separated from the pseudo Nambu-Goldstone bosons, which remain near the electroweak scale. Even though a tuning of order 10 −4 is required to obtain the observed Higgs boson mass, the big hierarchy problem remains mostly solved. Intriguingly, models with a fully-composite right-handed top quark also exhibit improved gauge coupling unification. By restricting ourselves to models which preserve these features we find that the symmetry breaking scale cannot be arbitrarily raised, leading to an upper bound f 100 TeV. This implies that the resonances may be accessible at future colliders, or indirectly via rare-decay experiments. Dark matter is identified with a pseudo Nambu-Goldstone boson, and we show that the smallest coset space containing a stable, scalar singlet and an unbroken SU (5) symmetry is SU (7)/SU (6) × U (1). The colour-triplet pseudo Nambu-Goldstone boson also contained in this coset space is metastable due to a residual symmetry. It can decay via a displaced vertex when produced at colliders, leading to a distinctive signal of unnaturalness.
Introduction
A natural Higgs sector generically requires new states at the electroweak scale. The fact that these states remain conspicuously absent at the LHC suggests that our notion of naturalness is perhaps misguided, and that there is some other reason for the Higgs to be so light. Indeed, the Standard Model (SM) is valid all the way up to the Planck scale and the new states demanded by naturalness arguments are not mandatory for consistency of the theory. That said, the SM is clearly not a complete description of nature. New physics is certainly required to explain dark matter and the baryon asymmetry of the universe, and is strongly implied by phenomena such as gauge coupling unification and the fermion mass hierarchy. Many models attempting to explain the big hierarchy, between the electroweak and Planck scales, provide new physics to explain some of these features, suggesting that they still play a crucial role, even though there remains a little hierarchy between the electroweak and new physics scales, that is yet to be understood.
Composite Higgs models provide an elegant solution to the big hierarchy problem as the Higgs sector is replaced by a new, strongly coupled sector, so is rendered insensitive to any physics above the compositeness scale. In this strong sector a global symmetry group is spontaneously broken at a scale f and the Higgs is identified as one of the associated Nambu-Goldstone bosons [1] [2] [3] . In modern incarnations the global symmetry is explicitly broken by linear couplings of elementary, SM states to operators in the strong sector, thereby inducing electroweak symmetry breaking and generating a mass for the Higgs [4, 5] . To obtain the correct electroweak vacuum expectation value (VEV), v, a tuning of order v 2 /f 2 is required in terms contributing to the Higgs potential.
In addition to the Higgs, the strong dynamics produces heavier resonances near the scale f . These contribute to precision-electroweak and flavour observables and inevitably force an uneasy compromise between minimising the electroweak VEV tuning, which prefers f ∼ v, and agreement with experimental results, which requires f v. To relieve this tension a custodial symmetry can be introduced to cancel the dominant contributions to the electroweak T parameter [6] , while flavour-changing processes can be mitigated by additional symmetries [7] [8] [9] . Even then, the absence of any resonances at the LHC means that composite Higgs models are becoming increasingly tuned.
An alternative approach is to simply increase the scale f such that all constraints from precision-electroweak and flavour observables are trivially satisfied. This can be achieved by simply requiring that f 10 TeV. With such a large value there is no need for a custodial symmetry or any special flavour structure in the strong sector. The resonance masses are now quite heavy, greater than around 10 TeV, whereas the pseudo NambuGoldstone bosons (pNGBs) remain near the electroweak scale. The spectrum is therefore 'split' in a similar way to the spectrum of split supersymmetry [10] [11] [12] [13] . Of course, there is now a sizeable tuning in the Higgs sector, of order 10 −4 , due to some cancellation in the unknown strong dynamics, but the big hierarchy problem remains mostly solved. While it would seem that the scale f could be pushed to arbitrarily high values, leaving just a light Higgs at low energy without any other observable consequences, this is not necessarily the case. It is well known that composite Higgs models naturally explain the fermion mass hierarchy through the idea of partial compositeness [14] . A fully-composite right-handed top quark leads to an order-one top quark Yukawa coupling, whereas the remaining SM fermions are mostly elementary and have hierarchically smaller Yukawa couplings [15] . Remarkably, exactly the same principle helps to unify the SM gauge couplings when the model is extended to a grand unified theory (GUT), as the running of the gauge couplings is modified by new states associated with the fully-composite righthanded top quark [16] . Arbitrarily raising the scale f , and therefore the masses of these new states, worsens the accuracy of the gauge coupling unification. Requiring the error be no worse than 20% puts an upper bound on the symmetry breaking scale, f 100 TeV. This implies that resonance masses cannot be arbitrarily heavy and may be accessible at a 100 TeV collider, or lead to rare decay processes.
If the resonance masses are in the 10-100 TeV range it is difficult for any of them to provide a realistic dark matter candidate [17, 18] . However, enlarging the coset space beyond that of the minimal composite Higgs model leads to an alternative possibility; one of the extra pNGBs can play the role of dark matter [19] . If such a model is to be embedded into a GUT the unbroken global symmetry group in the strong sector must at least contain SU (5), so that all one-loop corrections to the gauge couplings from the strong sector are universal. The smallest coset space allowing for an unbroken SU (5) symmetry and a stable, SM-singlet scalar is then SU (7)/SU (6) × U (1). This contains twelve Nambu-Goldstone bosons, a complex 5 of SU (5) providing the usual Higgs GUT multiplet and a complex singlet providing the dark matter candidate, and is the symmetry breaking pattern we will focus on in this paper. An interesting feature of this coset space is that gauge interactions generate the leading order contribution to the quartic term in the Higgs potential so, at leading order, the Higgs mass ends up being proportional to the W -boson mass.
In models based on the SU (7)/SU (6) × U (1) coset space the SM fermions couple to fermionic, strong sector operators forming complete SU (6) multiplets. In the particular model we will consider, the right-handed top quark is a composite state that lives in the 15 of SU (6). The remaining twelve states have not been observed so must each be paired with a conjugate, elementary fermion partner such that the Dirac pair obtains a mass of order f . These exotic states, which we will refer to as top companions, χ, decay promptly and may be searched for at a 100 TeV collider.
On the other hand there is also a colour-triplet pNGB. This state is present in any composite, SU (5) GUT as the pNGBs necessarily come in complete GUT multiplets; in this case a 5 of SU (5) (the usual Higgs GUT multiplet). In our model this scalar triplet has suppressed decays because of a residual Z 2 symmetry. Hence it must decay to two singlets via a dimension-six operator, often leading to a decay with a displaced vertex. This striking experimental signal is similar to that of displaced gluino decays in models with split supersymmetry.
In summary we see that, by allowing for a large scale of spontaneous symmetry breaking, f 10 TeV, a composite Higgs model can be constructed that evades all current precisionelectroweak and flavour constraints. The model is necessarily tuned in order to account for the little hierarchy, f v. This "unnatural" composite Higgs model can then be characterised by the following features.
• Minimal coset space: The minimal coset space incorporating gauge coupling unification and a scalar singlet dark matter candidate is SU (7)/SU (6) × U (1). The Nambu-Goldstone bosons form a complex singlet, S, and a complex 5 = (T, D) of SU (5) with the following features:
-Higgs: The doublet, D, is the Higgs boson whose mass is proportional to the W -boson mass.
-Dark matter: The singlet, S, provides a scalar dark matter candidate whose stability is guaranteed by a U (1) symmetry, arising from enlarging the global symmetry group from SU (7) to U (7).
-Triplet decay:
The colour-triplet, T , is metastable due to a residual symmetry. This often leads to a displaced vertex when it is produced at colliders.
• Fermion mass hierarchy: The right-handed top quark is fully composite and the remainder of the SM fermions are mostly elementary. Exotic, elementary fermions provide Dirac partners for the composite fermion states filling up the rest of the right-handed top quark multiplet and can be searched for at future colliders.
• Gauge coupling unification: The SM gauge couplings unify around the scale 10 15 GeV due to the fact that the right-handed top quark is fully composite. Proton decay is prevented by a baryon number symmetry respected by the strong and elementary sectors. Preserving one-loop gauge coupling unification requires the exotic states to have masses below around 100 TeV, so the scale f cannot be arbitrarily large.
The low energy spectrum is depicted in figure 1 . It consists of resonance and exotic state masses in the 10 to 100 TeV range and pNGB masses in the 100 GeV to 1 TeV range. Some features in the "unnatural" composite Higgs model have also recently been studied in the context of naturalness, these include scalar dark matter [19] and grand unification [20] . A connection between dark matter and unnaturalnesss was also considered in ref. [21] . The outline for the rest of this paper is as follows. In section 2, we discuss the general features of composite Higgs models, including the precision-electroweak and flavour constraints, as well as the features needed to embed the models into a GUT. The minimal coset space is presented in section 3, and is chosen to incorporate both unification and a dark matter candidate. The effective Lagrangian and pNGB potential is then derived and the pNGB masses are calculated. Dark matter is discussed in section 4, where the symmetry responsible for dark matter stability and the parameter space consistent with experiment is identified. Section 5 is devoted to the phenomenology associated with decay of exotic states. In particular, the colour-triplet pNGB is shown to be long-lived so that displaced decays at a collider are possible. Our concluding remarks are given in section 6. The appendices contain the U (7) representations and mathematical details used in deriving the pNGB potential.
General features of composite Higgs models
Composite Higgs models are characterised by a strongly coupled sector with a global symmetry group, G, spontaneously broken at a scale f to a subgroup, H. This gives rise to a set of Nambu-Goldstone bosons living in the coset space G/H and containing, possibly among other states, the Higgs doublet of the SM. The strong sector itself is characterised by a set of operators, O, and the masses of resonances emerging from the strong sector are of order m ρ = g ρ f , where g ρ is the generic coupling of the strong sector.
The usual framework for generating electroweak gauge interactions and Yukawa couplings in composite Higgs models is through that of partial compositeness. That is, there is a mixing between the elementary and composite sectors which explicitly breaks the global symmetry of the strong sector. The mixing is parameterised by
The first term describes the mixing of the elementary gauge fields, A µ , with the strong sector. The index a runs over all generators of the SM gauge group and Ω is a projector. It projects the generators of the global symmetry in the strong sector, T A , onto those of the SM gauge group. It takes the explicit form
where g 1,2,3 are the SM gauge couplings and the δ's pick out the generators of the SM gauge group as they are embedded in G. J µ is the G current in the strong sector to which the elementary gauge fields couple. The second term describes the mixing of the elementary fermions, ψ. The index i runs over the appropriate representation of the SM gauge group and the index I runs over the representation of G into which the elementary fermion is embedded. The projector, λ ψ , projects components of the strong sector operator, O ψ , in a full G representation, onto the SM representation containing ψ. When they are permitted by the symmetries of the model these terms generate Yukawa couplings
All of the projectors can be thought of as spurions parameterising the explicit breaking of the global symmetry in the strong sector. When they are turned off the complete model has an enhanced global symmetry G SM × G. When they are turned on this is broken to a single, diagonal G SM factor. Hence they provide a convenient tool for keeping track of all explicit symmetry breaking [22] .
Precision-electroweak and flavour constraints
The main precision-electroweak observables constraining composite Higgs models are the oblique parameters, S and T . There are two generic contributions to the S parameter: one from the mixing with the ρ mesons, leading to a contribution ∆S ∝ M 2 W /m 2 ρ , and the other from the deviation of the SM gauge field couplings ∆S ∝ α/(4π) × v 2 /f 2 . These contributions result in an overall constraint of the form f 0.8 TeV [23] . However, it was pointed out in ref. [24] that, in models based on a coset space with a non-flat geometry, there can be a contribution to the T parameter at tree level unless it is forbidden by custodial symmetry. The model we will consider corresponds to such a scenario and this tree level contribution, ∆T ∝ v 2 /f 2 , results in a stronger constraint, f 5.5 TeV [22] .
Flavour constraints also restrict the value of f . We will assume that the flavour structure in the composite sector is anarchic and that all couplings are of order g ρ . The main constraint from flavour changing processes then comes from the Kaon observable, K , and leads to a lower bound f 10 TeV [25] . Constraints from the B-meson sector give f 1 TeV and constraints from the loop-driven dipole operator, which leads to flavour changing processes like b → sγ and CP violation in Kaons, give f 2 TeV. There are also constraints from the leptonic sector [26, 27] , primarily from the tree-level e → µ transition and loop-driven µ → eγ processes. These translate to a lower bound of f 10 TeV.
By choosing f 10 TeV all constraints from precision-electroweak observables and the flavour sector are therefore comfortably satisfied.
Top companions and unification
Two features greatly improve SM gauge coupling unification in composite Higgs models. The entire SM gauge group should be embedded into a simple subgroup of the strong sector's unbroken global symmetry, e.g. SU (5) ⊂ H ⊂ G, and the right-handed top quark should be fully composite. The reasoning is as follows [16] .
At leading order, and neglecting threshold corrections, contributions to the running of the SM gauge couplings can be split into two components, one coming from the elementary sector and one from the strong sector. Any SM states assumed to be fully composite should be subtracted from the elementary sector's contribution and included in the strong sector's contribution instead. In a model with a composite Higgs and a fully-composite right-handed top quark this gives, schematically
allowing for elementary exotic states alongside the usual elementary SM degrees of freedom. The embedding of the SM gauge group into a simple subgroup of the strong sector's unbroken global symmetry means that all composite objects, which necessarily respect the unbroken global symmetry, come in complete GUT multiplets. Hence the strong sector does not contribute to the differential running. This also means that a fully-composite right-handed top quark comes with other light, composite fermions corresponding to the rest of its GUT multiplet. Since these fermions have not been observed, and since they would lead to SM gauge anomalies, we must add some exotic, elementary fermions to the model to provide them with Dirac partners. As far as the differential running is concerned this is equivalent to subtracting an additional conjugate right-handed top quark. The overall effect is for the differential runnings to obey
above all associated mass scales. Equivalently, the one-loop beta-function coefficients, b i satisfy
above all associated mass scales. This leads to a value of the ratio ( between the exotic, elementary fermions, χ, and the operator in the strong sector generating the right-handed top quark, O t . When the strong sector confines this generates a Dirac mass term with m χ ∼ λ χ f , combing the elementary and composite Weyl fermions. We will refer to the resulting mass eigenstates as top companions (not to be confused with top partners, which are massive resonances produced exclusively by the strong sector). In addition, the mixing term explicitly breaks the global symmetry in the strong sector as the top companions do not come in complete representations of the GUT group; they are missing the right-handed top quark component. This generates a mass for all of the pNGBs at one loop, of order g ρ λ χ f /(4π) ∼ λ χ f . However, the models we will be considering will be tuned to keep the Higgs light so this mass only applies to any additional pNGBs in its GUT multiplet. Eq. (2.5) therefore applies above the scale m χ ∼ λ χ f . Choosing a top companion mass of 20 TeV one then finds improved unification, as shown on the left of figure 2. In addition, we have postdicted the QCD coupling and compared it to the observed value for a variety of top companion masses. We find good agreement, as shown by the solid line on the right of figure 2. Requiring an accuracy better than 20% in the postdiction of the QCD gauge coupling leads to an upper bound on the top companion mass, and therefore the symmetry breaking scale, f , of around 100 TeV (assuming λ χ is of order one). Although some threshold corrections cannot be reliably calculated in this kind of model, due to the presence of a strongly coupled sector, we will make the assumption that the one-loop result used here provides a reasonable approximation. 
The postdiction of the QCD gauge coupling as a function of the top companion mass:
The solid line is the 4D calculation and the dashed line is the 5D calculation.
Since the unification scale in figure 2 is a little under 10
15 GeV, one may worry that composite GUTs are ruled out due to proton decays mediated by X and Y gauge bosons. This is not the case, as we will see in the next subsection. Furthermore, in the model we will consider in this paper the unified gauge coupling strength remains perturbative at α ≈ 0.03, assuming that the Higgs and top companions capture the full contribution of the strong sector to the running of the SM gauge couplings. However, in a realistic model there will almost certainly be additional, universal contributions that push the unified gauge coupling strength to larger values, so the actual value is dependent on unspecified details about the strong sector. To try and understand the impact of higher-order effects, such as couplings in the strong sector and mixing terms between strong sector operators and other elementary states, we can calculate the differential running of the SM gauge couplings in a 5D theory and then use the AdS/CFT correspondence to relate the results to the 4D models we consider here. It should be noted that the correspondence cannot be completely trusted for these models as there is no guarantee that the strong sector is a large-N gauge theory with a sufficiently large N .
With this caveat in mind, the relevant 5D theory is a slice of AdS 5 with the Higgs identified as the fifth component of a 5D gauge field. The SM fermions propagate in the bulk, with the right-handed top quark highly localised in the IR and the rest of the third generation more evenly distributed in the bulk. Expressions for the running gauge couplings for this setup are given in ref. [28, 29] . Postdicting the QCD gauge couplings as before we find even better agreement with the observed value, a discrepancy of less than 10%, for top companion masses up to almost 100 TeV. This is shown by the dashed line on the right of figure 2.
Baryon and lepton number
As with any GUT framework there is a risk in composite GUTs of inducing baryon-and lepton-number-violating operators that are in conflict with observations. Indeed, this is well known to be the case in supersymmetric GUTs (or even just in the MSSM) where the solution is to impose an additional global symmetry, R-parity, by hand. In composite GUTs a completely analogous approach is taken, the simplest option being to assume that both baryon and lepton number are respected by the strong sector [17, 18] .
If baryon number was not respected by the strong sector one would generically expect baryon-number-violating operators to be generated, suppressed only by the compositeness scale rather than the much higher GUT scale. These terms would arise due to resonance exchange in the strong sector, and would lead to a proton lifetime far shorter than the observed value. Similarly, if lepton number was not respected by the strong sector, the strong sector would generically generate a Majorana neutrino mass term suppressed only by the compositeness scale, thus leading to neutrino masses larger than those observed.
Proton stability is further ensured as matter in composite GUTs does not come in complete GUT multiplets (we have already seen this explicitly for the top companions) meaning that GUT multiplets have well-defined baryon number [17, 18] . Thus decays mediated by X and Y gauge bosons cannot proceed by considering the SM fermions alone.
If it occurs at all (modulo sphaleron processes and gravitational effects) proton decay requires some other explicit source of baryon number violation. When the mixing between the strong and elementary sectors also respects baryon number, as will be the case in our model, any baryon-number-violating coupling can then be taken to be arbitrarily small.
SU (7)/SU (6) × U (1): the minimal model
If we want pNGB dark matter the coset space of our model must contain a SM singlet stabilised by an unbroken global symmetry. The smallest coset space that contains SU (5) and has enough pNGBs to accommodate both a Higgs multiplet and a SM singlet is SU (6)/SU (5). This contains eleven pNGBs: a complex 5 of SU (5),H, and a real singlet, S. Since the singlet is real the only global symmetry that could stabilise it is a Z 2 symmetry. The only such symmetry acting on the pNGBs is charge conjugation, which we know is ultimately broken. Hence SU (6)/SU (5) cannot work.
Another possibility is U (6)/U (5). The pNGBs are the same as before but there is now an additional Z 2 symmetry that is unrelated to charge conjugation. Nonetheless this symmetry does not act on the pNGBs in the correct way; it mapsH → −H andS →S and is anyway broken by the VEV responsible for breaking U (6) to U (5). We are therefore forced to move to a larger coset space, the simplest option being SU (7)/SU (6) × U (1). Other coset spaces such as SO(12)/SO(11) (which also includes a custodial symmetry) provide additional possibilities, although generically lead to models with more exotic fermions.
It is worth pointing out that this coset space has the additional advantage of being straightforward to realise in a theory of gauge fields and fermions only, as the symmetry breaking is due to a single spurion in the adjoint representation of the SU (7) symmetry [30] . There are therefore good prospects for a UV completion of the model we will present here.
The pNGB sector
There are twelve pNGBs in the SU (7)/SU (6) × U (1) coset space: a complex 5 of SU (5) ⊂ SU (6),H, and a complex SU (5) singlet,S. They can be collected into a 7 of SU (7) as
where Π is the pNGB matrix, divided by the decay constant, f . It will be more convenient to work in terms of a gauge basis in which
There is one spurion, a 48 (adjoint) of SU (7), that can be used to realise the symmetry breaking pattern. This is parametrised by w as
the normalisation being chosen such that tr 48 2 = 1. The component proportional to the identity matrix does not contribute any new terms to the effective Lagrangian so, without loss of generality, we can consider the simplified spurion Because w † w = 1 the number of independent projectors that can be formed from w is finite.
The complete pNGB embeddings are given by table 1. The unbroken SU (6) × U (1) global symmetry contains two U (1) subgroups that commute with its SU (5) subgroup; U (1) 7 is the U (1) symmetry contained in SU (7) but not SU (6), and U (1) 6 is the U (1) symmetry contained in SU (6) but not SU (5). Of particular interest in the linear combination
under which only the singlet is charged. Hence U (1) S is not broken by the Higgs VEV, whereupon the singlet may be stabilised and can provide a dark matter candidate. Although U (1) S provides the foundation for the symmetry stabilising the dark matter candidate in this model it will turn out that some light, elementary fermions carry charge under it. The situation is then a little more complicated. However, enlarging SU (7) to U (7) = SU (7) × U (1) E and allowing U (1) S to mix with U (1) E and baryon number is a simple solution. Since the adjoint of SU (7) is neutral under U (1) E and baryon number these symmetries are spectators to the spontaneous symmetry breaking and the pNGB sector remains as described.
Matter embeddings
The elementary SM fermions, (q, l, u
B multiplets as follows:
As is usual in composite GUTs, and as has already been seen for the top companions, the elementary fermions do not fill out complete representations of the GUT group. Instead, the remaining components are assumed to acquire GUT-scale masses due to high-scale physics, analogously to doublet-triplet splitting in supersymmetric GUTs.
When considering which representations of SU (7) to embed the elementary fermions into we need to ensure that our choice allows for all quark and lepton Yukawa couplings. Since these are generated through mixing with the strong sector it must be possible to write down terms that contain the desired Yukawa couplings and respect the unbroken SU (6) × U (1) 7 symmetry of the strong sector. Table A .1 lists the decompositions of several of the smaller representations of SU (7) and will be helpful throughout this section.
Quarks
Up-type Yukawa couplings have SU (5) structure 10(q)10(u c )5(H) so we need representations of SU (7), R 7 (q) and R 7 (u c ), such that both R 7 (q) and R 7 (u c ) contain a 10 of SU (5),
The unique choice among the smaller representations is to have one of R 7 (q) and R 7 (u c ) equal to 35, the three-index antisymmetric representation of SU (7), and the other equal to 35. Down-type Yukawa couplings have SU (5) structure 10(q)5(d c )5(H) so we also need representations of SU (7),
and
Choosing R 7 (q) equal to 35 and
The quark embeddings given in table 2 provide a simple choice consistent with all Yukawa couplings. Note that the left-handed quark doublet mixes with two different strong sector operators, each of which acts as the Dirac partner to one of O u c and O d c . Two operators are needed because the embeddings of the left-handed quark doublet required to generate both Yukawa couplings would otherwise violate the symmetry that stabilises the dark matter candidate in this model. This is discussed in more detail in section 4.
Leptons
Charged-lepton Yukawa couplings have the same SU (5) structure as down-type Yukawa couplings. This time we will choose an embedding with R 7 (e c ) equal to 21, the twoindex antisymmetric representation of SU (7), and R 7 (l) equal to 21. Assuming the existence of a right-handed neutrino, N c , the neutrino Yukawa couplings have SU (5) structure
. This can be generated by choosing R 7 (l) to be equal to 21 as before and R 7 (N c ) equal to 21. Again, and as will be discussed in more detail later, the left-handed lepton doublet must couple to two different operators in the strong sector if we want to preserve the symmetry stabilising the dark matter candidate. 
Top companions
The strong sector operator generating the right-handed top quark decomposes to an SU ( such that all unwanted fermions get masses. Masses in the strong sector respect the full SU (6) × U (1) E × U (1) 7 symmetry, so filling up SU (5) multiplets alone is not enough. Breaking this down into SM-like degrees of freedom under
where the multiplets are assembled as in table 2. One may notice that the different top companion SU (5) multiplets end up carrying different baryon number. This is because the true baryon number in this model ends up being a mixture of an external baryon number and some of the U (1) symmetries contained within the unbroken global symmetry in the strong sector. This is discussed in more detail in section 4.
The effective Lagrangian and pNGB potential
The mixing Lagrangian for the third generation of matter in its full glory is
where the projectors are defined explicitly in appendix B. The left-handed quark doublet mixes with two different strong sector operators. The coupling to the operator O
The quark doublet, right-handed bottom quark and exotic, elementary fermions are the only elementary fermions expected to make a significant contribution to the pNGB potential. Upon integrating out the strong sector, and using the above mixing Lagrangian, the relevant terms in the effective Lagrangian containing the pNGBs are
where the Π's and M bb c are momentum-dependent form factors encoding the details of the strong sector. It is readily checked that these are the only independent terms one can write down for these fermions at quadratic order in the projectors defined in appendix B and the spurion defined in eq. (3.4) . From eq. (3.10), and using eqs. (3.2) and (3.4) to substitute in the components of the spurion, Σ, we can now calculate the matter contribution to the pNGB potential. At one loop in the elementary fermions and at leading (quadratic) order in the λ's this contribution
comes from diagrams like the one shown in figure 3 . The result is
where the c's are unknown, order-one coefficients. Full details of this calculation can be found in appendix C. Elementary gauge fields also contribute to the pNGB potential. The relevant terms in the effective Lagrangian are
with the projector, Ω, defined in eq. (2.2) and where P T µν ≡ g µν − p µ p ν /p 2 is the transverse projection operator. At one loop in the elementary gauge fields and at leading (quadratic) order in the Ω's the contribution comes from diagrams like the ones shown in figure 4 . The result is
Again, the c's are unknown, order-one coefficients and full details of this calculation can be found in appendix C. Putting everything together we can check whether the origin is unstable (so that electroweak symmetry is broken) and whether a suitable vacuum in which |D| = v/f and |T | = |S| = 0 (so that colour and the symmetry stabilising S are both unbroken) exists. Assuming that this is the case the potential in the doublet direction is Figure 4 : Elementary gauge field loops that generate leading order contributions to the pNGB potential.
where
(3.15)
Electroweak symmetry breaking occurs whenever α > 0 and β > 0 with a Higgs VEV
The source of tuning is immediately apparent. One generically finds β ∼ α and so v ∼ f unless the parameters in the expression for α are tuned. The mass of the physical Higgs boson in the electroweak symmetry breaking vacuum is given by The expected range for the strong sector coupling 4 g ρ 4π is therefore completely consistent with c A 2 being an order-one coefficient; we cannot have g ρ 4 as we need |λ t | ∼ 1 (for the top quark Yukawa) and |λ|/g ρ 1 (so that the λ's can be considered as perturbations to the strong sector).
An interesting feature of this model is that the Higgs mass is proportional to the Wboson mass at leading order in the projectors; it is not proportional to the top quark or top partner masses as is the case in many composite Higgs models. There are two reasons for this. First, the geometry of the coset space we use is not flat so there is a contribution to the quartic coupling (3.15) proportional to g 2 2 , much like the D-term contribution one finds in supersymmetric models [24] . This term is not present in, for example, the minimal SO(5)/SO(4) coset space. Second, the SU (7) representations we have used for the top quark do not allow for a leading order contribution to the quartic coupling. This also happens in the minimal SO(5)/SO(4) model for certain choices of top quark representation [31, 32] .
For larger values of the unknown, order-one coefficients the next-to-leading order elementary fermion contributions (quartic in the λ's) can, potentially, compete with the leading order term. Nonetheless, they remain similar in magnitude to the gauge field contribution so the expected value for Higgs mass is broadly unchanged. Furthermore, in models where c A 2 is negative the next-to-leading order contributions can also ensure that the Higgs mass-squared remains positive.
The masses of the scalar triplet and singlet in the above vacuum are given by
generically predicting a triplet mass
where ψ = χ, t, b, b c . When |λ χ | |λ b | the singlet mass is approximated by
and the singlet is heavier than or similar in mass to the top companions, which have mass m χ ∼ |λ χ |f . When |λ χ | |λ b | the singlet mass is approximated by
and the singlet is lighter than the top companions (in all of the above expressions we have dropped all order-one coefficients, including the c's). When |λ χ | ∼ |λ b | it is also possible to have a cancellation in the expression for the singlet mass, i.e. a second tuning, to give
whereupon the singlet is much lighter than the top companions.
Dark matter 4.1 Dark matter stability
As it stands there are four global U (1) symmetries in the model left unbroken by the strong sector. They are U (1) 7 and U (1) 6 , both subgroups of SU (7), and U (1) B and U (1) L .
Coupling the left-handed quark doublet to two different strong sector operators breaks one linear combination, coupling the left-handed lepton doublet to two different strong sector operators breaks a second linear combination, the Higgs VEV breaks a third and the Majorana mass for the right-handed neutrino breaks a fourth. The charges of all states under the U (1) symmetries are given in table 3 and it is easy to check that four independent symmetries are broken, leaving no symmetries to stabilise our scalar singlet, dark matter candidate.
To generate one we will enlarge the global symmetry in the strong sector from SU (7) to U (7) ≡ SU (7) × U (1) E . U (1) E acts as an external symmetry to SU (7), with the charge of each representation given by the number of fundamental indices it carries minus the number of antifundamental. It is completely analogous to baryon number in QCD. In addition we will allow the true baryon number to be a mixture of an external baryon number, U (1) B 0 , and the other U (1) symmetries respected by the strong sector. It is then convenient to work in the basis
Lepton number is defined as usual and U (1) B 0 is the baryon number symmetry external to U (7), under which q (u) and l (ν) are assigned charge 1 3 , and u c and N c are assigned charge
. All other states are neutral. U (1) B 0 mixes with symmetries internal to U (7) to give the true baryon number symmetry, U (1) B , defined above.
This basis is convenient as it is immediately apparent from table 3 that U (1) / q is broken only by coupling the left-handed quark doublet to two different strong sector operators, i.e. the left-handed quark, q, has two different charges under U (1) / q but only one charge under all other U (1) symmetries. Similarly, U (1) / l is broken only by coupling the left-handed lepton doublet to two different strong sector operators and U (1) / H is broken only by the Higgs VEV. Each of these symmetries is broken to a Z 2 subgroup. True baryon number remains unbroken so there are no issues with proton stability. It is also apparent that an unbroken, baryon triality symmetry
exists in this model, under which no SM states carry charge. Figure 5 : Elementary fermion loops that generate next-to-leading order contributions to the pNGB potential.
By allowing baryon number to mix with the U (1) symmetries internal to the strong sector's global SU (7) symmetry we find that the scalar singlet, S, has picked up a non-zero baryon number and, consequently, is charged under baryon triality. As long as the scalar singlet is lighter than the scalar triplet and the top companions, baryon triality therefore renders it stable and it acts as pNGB dark matter [19] .
Experimental limits
Based on the expressions (3.18) for the pNGB masses and recalling that m χ ∼ |λ χ |f there are two situations in which the singlet can be the lighter than the triplet and top companions. Either |λ χ | |λ b | or |λ χ | ∼ |λ b | and there is an additional tuning in the expression for the mass of the scalar singlet that results in m S (g ρ /4π)m χ . In the limit of large f (specifically f m S ) we can ignore all other couplings of the scalar singlet when calculating the relic density and keep only the Higgs-portal coupling, V ⊃ κ|D| 2 |S| 2 [19] . This arises at one-loop order in the elementary fermions and at quartic order in the projectors. It is generated by diagrams like the one shown in figure 5 and is given by
the full derivation being given in appendix C. In ref. [33] it was shown that the relic density of a complex scalar singlet, coupling only via the Higgs-portal does not overclose the universe provided .7) but this strains the assumption that λ χ can be treated as a perturbation to the strong sector for larger values of f . However, it should be noted that m S is starting to become comparable to f for such large values of |λ χ | so other annihilation channels will start to turn on, reducing the relic density.
Alternatively we can allow for an additional tuning that makes the scalar singlet light. We have already allowed one tuning in the model, which is physically motivated by a desire to keep the Higgs VEV low. The upper limit we must impose on m S , so that the scalar singlet does not overclose the universe, provides a second, physical motivation for tuning. Whatever argument is ultimately invoked to explain the tuning in the Higgs sector, is therefore equally applicable here.
The tuning in question is accomplished by choosing |λ χ | ∼ |λ b |, then tuning the c's to arrange for a cancellation in the expression given in eq. (3.18). The mass of the scalar singlet may now be treated as a free parameter. When |λ χ | 4 < y 2 b g 2 ρ there are still no viable solutions to eq. (4.4) as m S can be no more than a GeV and the model is ruled out by direct detection experiments [33] . We therefore take |λ χ | 4 > y In the lower region the scalar singlet overcloses the universe. In the left-hand region the model is excluded by direct detection experiments. This region will expand to the right as experiments become more sensitive. In the upper regions λ χ /g ρ is not small enough for our calculations to be trusted (contours for various values of g ρ are plotted).
limit on the scalar singlet mass for a given value of top companion mass; it is difficult to raise the dark matter mass above around 10 TeV without overclosing the universe. Direct detection experiments place a lower bound on the scalar singlet mass of around 180 GeV, which will increase as experiments become more sensitive [34] . While not necessarily a physical limit our calculations become unreliable when |λ χ | g ρ /3, so we will discount models with heavier top companions. Combining all the constraints we find that a realistic model with f = 10 TeV should have Having applied all constraints, the fact that an allowed range for the top companion mass still exists is both non-trivial and encouraging. Scaling f simply scales this range linearly; the preferred range for the scalar singlet mass remains unchanged. The tuning in the scalar singlet mass is quantified by
where the upper bound comes from imposing eq. (4.4) and |λ χ | g ρ /3. For f = 10 TeV the least tuned scenario is when m S ≈ 10 TeV and m χ ≈ 40 TeV, and the tuning is only around 25%, requiring g ρ = 4π. The most tuned scenario is when m S = 180 GeV and m χ ≈ 10 TeV, and the tuning is around 2 or 3% for g ρ = 4π and g ρ = 8 respectively.
Exotic state phenomenology
Several exotic states, namely the scalar triplet, T , and the top companions,q c ,ẽ,d c andl,
In this section we will investigate how these states decay. The decays must be generated by the strong sector and the large global symmetry group will generally restrict them to proceed through operators with large dimensions. This raises the possibility of states that are long-lived or collider-stable at the LHC and future high-energy experiments. For concreteness, we choose f = 10 TeV then assume the spectrum
which is consistent with the analysis above. Any other spectrum with f in the 10-100 TeV range would be equally valid. In taking the top companions, χ to be roughly degenerate we will consider only their decays to T , S and SM particles. All of the coloured top companions have unsuppressed decays. The SU (2) doublet has a two-body decay at quadratic order in the λ's through the coupling
(here and below brackets denote gauge index contraction). This is generated by the term
from eq. (3.10). The SU (2) singlet has a three-body decay at linear order in the λ's via 
The uncoloured top companions do not decay at quadratic level in the λ's. For the electroweak singlet the leading decay is to a bottom quark and two scalar triplets through the next-to-leading order coupling
generated by
after closing off the quark loop. 1 Πẽ 4 is a strong sector form factor and cẽ 4 an order-one coefficient coming from the loop integral
The parametric dependence is understood by considering diagrams like figure 7, which are responsible for generating eq. (5.8). This diagram has four composite fermion propagators, one boson propagator and four factors of f from the elementary-composite mixing. Since we need to extract a factor of / p to contract the spinors in eq. (5.7) the diagram scales as Examining eq. (5.8) more carefully we note that this operator is not actually unique. There are multiple possible contractions of the fermion indices, plus the momentum / p can be any combination of the external momenta. It follows that the integrand in eq. (5.9) will also contain additional (dimensionless) kinematic factors from the fermion loop, and that cẽ 4 is an order-one form factor rather than a constant. Without a calculable theory of the strong sector we can do no better than the order-one estimates used here. However, the main result, thatẽ decays promptly, is robust to these approximations.
The SU (2) doublet has similar phenomenology. It decays to a quark, a scalar triplet and a scalar singlet through the next-to-leading order coupling
after closing off the lepton loop. Πl 4 is a strong sector form factor, different to Πẽ 4 but with the same parametric dependence on g ρ . The loop decay is again much quicker than the five-body decay and cl 4 is an order-one form factor defined analogously to cẽ 4 . This decay involves a lepton loop, leading to a suppression by lepton Yukawa couplings, but this is compensated by larger group-theoretical factors in eq. (5.12) as compared to eq. (5.7). We find where we have assumed that λ ν ∼ λ τ ∼ 2g ρ y τ and λ b ∼ 3g ρ y b . As before this is collider-prompt unless m T m χ 3 TeV or m χ ∼ m T . The scalar triplet does not decay at quadratic order in the projectors either. This can be understood through the residual Z 2 symmetry that remains when U (1) / l is broken, as discussed in section 4. The combination of this symmetry and baryon triality forces the scalar triplet to decay to two scalar singlets, again requiring two insertions of Σ. The leading decay mode is to a top quark, a bottom quark and two scalar singlets through the coupling
This is generated at next-to-leading order in the projectors by the coupling
after closing off the lepton loop. The form factor has the dependence Π
ρ , which is different to the Π 4 's because a spurion is replaced with the composite sector operator O t . Assuming that we can neglect the scalar singlet mass, the lifetime is This can lead to decays that are prompt, displaced or collider stable. For our canonical values of m T and f the decays are either prompt or displaced. The regions of phase space that lead to different phenomenology are shown in figure 8 .
Since the scalar triplet is the lightest, coloured exotic state predicted by our model it will generally be the most promising state to search for at colliders. It will be pair produced (owing to the baryon triality symmetry) via pure-QCD processes and has the same quantum numbers as a scalar bottom quark, so searches designed for supersymmetric models can also be of use here. When the scalar triplet is long-lived, R-hadron searches [35, 36] can be applied and the current limit on the scalar triplet mass is between 800 GeV and 1 TeV. When the scalar triplet decays promptly the collider signature is two top quarks, two bottom quarks and missing energy from the scalar singlets. This signature is covered by the gluino search in ref. [37] , which imposes limits of around 1.3 TeV on the gluino mass. We expect similar limits to apply to our model, as long as the scalar singlet is lighter than around 700 GeV.
Conclusion
By simply allowing for a large scale of spontaneous symmetry breaking, f 10 TeV, all precision-electroweak and flavour constraints on composite Higgs models can be trivially satisfied. This requires a tuning of order 10 −4 in the Higgs potential to obtain the observed Higgs boson mass, but no additional symmetries, such as a custodial symmetry or flavour symmetries, are needed in the strong sector. The tuning produces a 'split' spectrum of composite states, where the resonance masses are in the 10-100 TeV range and the pNGBs remain near the electroweak scale. Even though the composite Higgs model is unnatural, the strong dynamics underlying the compositeness helps address other shortcomings of the Standard Model. The fermion mass hierarchy is explained by assuming that the right-handed top quark is fully composite and the remaining SM fermions are mostly elementary. This idea of partial compositeness also introduces new contributions to the running of the SM gauge couplings and, intriguingly, improves unification when compared to the SM alone. The new contributions, due to fermionic top companions, depend on the scale f , so arbitrarily raising the scale worsens the unification. Restricting the corrections required for gauge coupling unification to be no worse than 20% then leads to an upper bound on the symmetry breaking scale, f 100 TeV. This implies that strong sector resonances can be seen at future colliders or lead to effects in rare decay experiments.
A dark matter candidate can be provided by the strong sector and identified with one of the pNGBs. The minimal coset space containing an unbroken SU (5) symmetry and a stable singlet to act as dark matter is SU (7)/SU (6) × U (1). The resulting model is compatible with direct detection experiments provided the scalar singlet mass is greater than 180 GeV and the top companion masses are several tens of TeV. Furthermore, the colour-triplet partner of the Higgs in the GUT multiplet, is long-lived due to the large global symmetry group. At leading order it decays via a dimension-six operator. This can lead to a displaced vertex when produced at a collider, either the LHC or a future collider, providing a distinctive experimental signature.
The global symmetries of the strong sector also include a baryon number symmetry to prevent rapid proton decay due to composite states. The only potential source of proton decay is then from the elementary sector and is suppressed by at least the GUT scale, 10 15 GeV, and will almost always come with a much larger suppression. Similarly, lepton number is preserved by the strong sector so there are no large contributions to neutrino masses. However, lepton number must be broken by the introduction of a right-handed neutrino in the elementary sector to ensure that the scalar singlet is the only stable, dark matter candidate. The SM neutrino masses are then explained by a type-I see-saw mechanism and the matter-antimatter asymmetry of the universe can be generated via leptogenesis in the elementary sector. Clearly the shortcomings of the SM can be straightforwardly addressed with an unnatural composite Higgs model, provided there is a modest amount of tuning in the Higgs potential. This is still a many-orders-of-magnitude improvement on the usual SM tuning, with the added benefit that the strong dynamics provides new physics to explain the fermion mass hierarchy, dark matter and the unification of the gauge couplings. Even though the origin of the tuning remains obscure, and yet to be understood from the underlying strong dynamics, the low energy predictions can be tested at the LHC and future experiments. It may very well provide a model of our universe or, at the very least, some other place in the multiverse. A U (7) representations Several representations of U (7) ≡ SU (7) × U (1) E are made use of in the text. These decompose into SU (6) × U (1) E × U (1) 7 and SU (5) × U (1) E × U (1) 7 × U (1) 6 representations as detailed in table A.1. U (1) E is the U (1) symmetry contained within U (7) but not SU (7), U (1) 7 is the U (1) symmetry contained within SU (7) but not SU (6) and U (1) 6 is the U (1) symmetry contained within SU (6) but not SU (5). All of these properties and more can be conveniently derived using LieART [38] . 
B Fermion projectors
The projectors for the third generation of matter are explicitly given by ensuring that the correct number of degrees of freedom propagate around the loops generating the pNGB potential. λ t c does not correspond to a mixing as the right-handed top quark is fully composite, hence it has no magnitude. More generally one can choose different magnitudes for the individual components of each projector provided the SM gauge symmetry is respected. We will stick with a single magnitude for each projector for simplicity.
C The pNGB potential
At quadratic order in the λ's the pNGB potential is a function of the SM gauge singlet combinations for ψ = χ, t, b, b c , these being generated by diagrams like that shown in figure 3 .
The F 's come from the strong sector form factors 2 ) in the strong coupling limit λ ∼ g ρ . The overall factor of two comes from the two fermion polarisations propagating around the loop. Other contributions to the pNGB potential are suppressed by powers of |λ|/g ρ , which must be small for the global symmetry of the strong sector to remain approximately preserved, or by elementary sector loop factors. Adding up all contributions, using eqs. (3.2) and (3.4) to substitute in the components of Σ, then splitting H into its doublet and triplet components, D and T respectively, we find
(C.4)
The elementary gauge field contribution to the pNGB potential stems from the terms in the effective Lagrangian given in eq. (3.12). At one loop in the elementary gauge fields and at leading (quadratic) order in the Ω's there are two contributions to the pNGB potential which are generated by diagrams like the one in figure 5 . As before, the F 's come from strong sector form factors 
